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Abstract
The aim of this work is to apply the recently developed theory of fuzzy bifurcations in order to model and study the effects of
anti-tumor chemotherapy in the case of continuous infusion delivering. Noises and uncertainties are modelled by means of a fuzzy
noise. Then, we perform some comparisons with a white noise based model and its bifurcation, showing that the fuzzy approach,
although it is not perfect, is more biologically realistic.
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1. Introduction
The aims of this work are four:
1. Realistically modelling the effects of intrinsic and environmental noises and uncertainties in the dynamics of tumor
growth and anti-tumor chemotherapy delivered via continuous infusion [1].
2. Biologically discussing some paradoxes arising from modelling the above intrinsic and environmental noises and
uncertainties by means of Gaussian noises.
3. By means of the theory of fuzzy sets and fuzzy differential equations, giving an alternative and more analytically
tractable way to realistically model the influence of noises on generalized logistic dynamics.
4. Giving an elementary contribution, in terms of definitions and applications, to the recent and in fieri theory of fuzzy
bifurcations
In a first phase, the growth of a tumor [1] is dominated by the uncontrolled mitosis. Thus, in mathematical words,
it is in a phase of exponential growth. Then, as long as the size of the tumor increases, the nutrients are not present
in a quantity which can satisfy all the cells. As a consequence, gradually the cells start competing for food and their
growth is no longer exponential, but tends to a plateau, i.e. the growth curve has a horizontal asymptote. Note that, in
reality, only in vitro tumors reach this final steady state, since in vivo the patient, unfortunately, dies well before that
a significant fraction of the final steady state is reached. There are a plethora of models of tumor growth that may be
expressed in the form
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x ′ = f (x)x,
where, coherently with what we have explained, for small tumor size we have f (x) ≈ constant, afterward f ′(x) < 0
and there is a xˆ such that the growth stops: f (xˆ) = 0. Among these families, one of most prominent and robust is that
of the generalized logistic:
f (x) = q − r xν, ν > 0.
After the diagnosis, the patients may undergo many kinds of therapies: surgical therapy is the leading curative action.
After the surgery, since it is not guaranteed that all tumor has been totally removed, and in order to kill metastases,
the patient undergoes chemotherapy. Note that, in some cases, the therapy can be done before the surgery, in order to
reduce the size of the tumor to be surgically removed. The anti-tumor chemotherapy may be modelled as follows:
x ′ = x(q − r xν)− g(t)x .
A particular way of delivering the therapy is by means of continuous infusion of the drug, in order to partially reduce
the drug-related major side effects. In such a case, it holds that
g(t) ≈ const. (1)
As a consequence the model becomes
x ′ = qx − r x1+ν − cx (2)
x(0) = x0 > 0,
where we suppose that the therapy is given for a very long time, so that we are interested in the asymptotic behavior
of the solutions of the above equation.
Of course, as expressed in Eq. (1), in the real world, the constancy of g(t) is only an idealization. A classical
way to model the uncertainties embedded in the variability of g(t) is via a white noise perturbation ξ(t) of known
standard error σ . We shall study this way of modelling in Section 2, where we shall use the parameter σ as a stochastic
bifurcation parameter.
However, in Section 3 we shall stress some potential problems of imposing Gaussian perturbation in models of
tumor biology, which is useful but it must be complemented by some biological caveats.
A more recent way of modelling uncertainties in mathematical models of natural phenomena is by means of the
fuzzy approach. We shall propose a fuzzy model of the continuous infusion chemotherapy and we shall study the
associated fuzzy bifurcations. Finally, we shall compare the fuzzy and the stochastic bifurcations, by stressing the
seemingly more biologically realistic nature of the second ones.
Note that, before performing this fuzzy study, we shall give a simple definition of (a kind of) fuzzy bifurcation. In
fact, a practical and conceptual problem in dealing with fuzzy modelling is that the theory of the fuzzy differential
equations is very recent, and it is in fieri. In particular, there are a few articles on fuzzy bifurcations and, quite
surprisingly, we were not able to find a single exact definition of fuzzy bifurcations. Thus, of course, before performing
a study of a model involving them, we shall give a short and simple definition of an elementary fuzzy bifurcation.
2. Deterministic and stochastic modelling of anti-tumor chemotherapy delivered with continuous infusion
As regards the deterministic model (2), it is easy to verify that it has the following properties:
• If 0 ≤ c < q , then the tumor is not eradicated and x(t) → xe(c) = ( q−cr )1/ν .• If c ≥ q , then the tumor is eradicated: x ′ ≤ −r x1+ν ⇒ x(t) → 0+.
From a biological point of view, it is important to stress that xe(c) is not normally compatible with life, even in the
case of small xe(c), because of the insurgence of tumor correlated phenomena, in primis processes of tumor diffusion
in the body: the birth of metastases.
In order to model unknown variations of the therapy infusion and also of the basic tumor growth rate q, we add to
(2) a stochastic term with standard error σ :
dx = (qx − r x1+ν − cx)dt + σ xdW
x(0) = x0,
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where W (t) is a Wiener process.
As is well known, the evolution of the density of probability of the random variable x(t) in (3) is determined by
the following Fokker–Planck equation:
∂ρ
∂t
= σ
2
2
∂2
∂x2
(x2ρ)− ∂
∂x
((ax − r x1+ν)ρ), (3)
analyzed in [11]. Summarizing, the steady state distribution ρ(x) is such that:
• If q − c ≤ 0 (i.e. in the deterministic case the therapy induces eradication), then ρ(x, t) → δ(x) (i.e. the presence
of noise cannot change the positive outcome of the therapy).
• If σ 22 ≥ (q − c) > 0, then ρ(x, t) → δ(x): there is noise induced eradication with unitary probability!
• If σ 2 ∈ ((q − c), 2(q − c)], then ρ(x) is decreasing and unbounded.
• If σ 2 ≤ q − c, then ρ(x) is bounded and it has a non-null maximum.
Summarizing, there are two stochastic bifurcations:
• At σ 2 = 2(q − c) transition between the eradication with probability 1 (i.e. ρ(x) = δ(x)) and the regimen ‘small
tumor highly probable’.
• At σ 2 = (q − c) transition between the regimen ‘small tumor highly probable’ and the regimen ‘small sizes are
unlikely’.
3. Gaussian noise modelling in population growth models
The above noise induced eradication result σ
2
2 ≥ (q−c) > 0 ⇒ ρ(x, t) → δ(x) is quite paradoxical and it may be
biologically questioned: the tumor eradication should be reached relatively often. Thus, it is worthwhile to investigate
why this happens, in a general setting. Let us consider a population growing with a birth rate β and a death rate µ.
The size of this population can be modelled as follows:
x ′ = βx − µx . (4)
Let the growth be non-constant because of many small and partially unknown external environmental factors. One
might be wish to model the sum of all these external influences as a white noise:
〈ξ(t)ξ(t + θ)〉 = δ(θ)
x ′ = β(1+ σξ(t))x − µx . (5)
Thus, we will proceed by writing (5) in the form a stochastic differential equation:
dX = βX + σ XdW − µXdt, (6)
whose analytical solution is
x(t) = x(0) exp
((
β − µ− σ
2
2
)
t +
∫ t
0
dW
)
. (7)
As a consequence, we obtain the surprisingly result that
β − µ− σ
2
2
< 0 ⇒ X (t) → 0.
However, this elegant formal approach has hidden, in our opinion, a pitfall: the Gaussian noise, being unbounded,
implies that the perturbed birth rate may become negative, which is biologically unrealistic. In mathematical terms,
Prob(βdt + σdW < 0) > 0. (8)
Another major problem is that the birth rate may become too big, which is equally unrealistic. Similar problems
may arise on adopting Gaussian perturbation of many positive parameters of models in biology.
Finally, for problems related to the Ito versus the Stratonovich approach, see [2].
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Summarizing, to correctly model the effects of sources of noise on population models we need bounded noise. This
need had previously been stressed by several authors in other modelling contexts (see [4] and references therein). In
particular, Krivan and Colombo [4] proposed to use a fuzzy approach [3] as an alternative to stochastic modelling
in modelling population dynamics. Finally, more recently a fully fuzzy approach in mathematical oncology was
introduced by Majumdar and Majumder in [5] for modelling the tumor–immune system interaction.
4. Fuzzy sets and fuzzy bifurcations
A fundamental characteristic of ‘classical’ sets is that the membership to them is binary defined: an “element” x
either belongs to a set A or it does not belongs to A. Fuzzy sets, introduced in [3], are characterized by a non-binary
membership function
µA : X → [0, 1],
where X is such that A ⊂ X and
µA(x) ≥ 0 ∀x ∈ X
Sup
x∈X
µA(x) = 1.
Given a fuzzy set A and α ∈ (0, 1], its ‘α-cut’ is defined as follows:
[A]α = {x ∈ X |µ(x) ≥ α}. (9)
A differential equation where the initial value and/or its parameters are fuzzy is called a fuzzy differential equation [6].
A fuzzy set A ⊂ R is called a ‘fuzzy number’ if µA(x) is continuous, convex and there exists a unique x¯ such that
µA(x¯) = 1.
A few numerical works referring to fuzzy bifurcations have been recently published ([8–10] and references therein);
however, to the best of our knowledge, there is no clear formal definition of what is a fuzzy bifurcation. In order to
proceed in our study of chemotherapy model, we need to give the following simple definition of fuzzy bifurcation:
Definition. We say that a fuzzy differential equation depending on a real parameter p has a fuzzy bifurcation at
p = pc if there is an  > 0 and some α ∈ (0, 1) such that, for its asymptotic solution, the α-cut for p ∈ (pc − , pc)
is not topologically equivalent to the α-cut for p ∈ (pc, pc + ).
With reference to the interesting paper [10]:
• In some cases for some α for p < pc the α-cut is a point (i.e. the asymptotic solution is a crisp number), whereas
for p > pc it is an interval (see the first subfigure of Fig. 3 of [10]).
• If for p ∈ (pc − , pc) the membership function is unimodal, whereas for p ∈ (pc, pc + ) the membership
function is bimodal, we have that in the former case all the α-cuts are intervals and in the latter case there are some
α such that the corresponding α-cut is a pair of disjoint intervals (see the second and the third subfigures of Fig. 3
of [10]).
From this point on, we shall exclusively deal with unimodal membership functions, since multimodal membership
functions are seldom used (e.g. in [10]).
5. Fuzzy Fokker–Planck equation
In [7], Leland studied a differential system with fuzzy white noise W (t):
X ′(t) = f (x)+ g(X)W (t),
and by means of a fuzzy sample path approach he showed that the membership function µX (t)(x; t) is the solution of
the following “fuzzy Fokker–Planck” equation:
∂µ
∂t
= − f (x)∂µ
∂x
+ bW (t)(µ)
∣∣∣∣∂µ∂x
∣∣∣∣ .
Furthermore, as regards the α-cuts of x(t), they are intervals:
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[x(t)]α = [a(t;α), b(t;α)],
where a(t;α) and a(t;α) are the solutions of the following two equations:
d
dt
a(t;α) = f (a(t;α))− bW (t)(α)g(a(t;α)) (10)
d
dt
b(t;α) = f (b(t;α))+ bW (t)(α)g(b(t;α)). (11)
6. A fuzzy model of anti-tumor continuous infusion chemotherapy
Including in our deterministic model the lack of knowledge on the variations of therapy and of tumor growth rate
as a fuzzy noise, we obtain the following fuzzy differential equation:
x ′ = (q − c)x − r x1+ν +W (t)Sx (12)
with of course
bW (t)(1) = aW (t)(1) = 0.
Furthermore, for the sake of simplifying the notation, we suppose that
bW (t)(α) < 1, α ∈ (0, 1]
and
bW (t)(0) = 1,
so that, similarly to the role of σ in the stochastic model, the parameter S denotes, roughly speaking, the “span” of the
noise.
Of course, S will be our bifurcation parameter.
Eqs. (10) and (11) read, respectively, as follows:
a′ = (q − c)a − ra1+ν − bW (t)(α)Sa (13)
and
b′ = (q − c)b − rb1+ν + bW (t)(α)Sb. (14)
The most biologically interesting case is when the unperturbed therapy is, in the deterministic setting, able to eradicate
the disease, i.e. if
q − c ≤ 0.
From (13), it follows immediately that ∀α ∈ [0, 1]
a′ ≤ (q − c)a − ra1+ν ⇒ lim
t→∞ aX (t)(t;α) = 0.
Similarly, if
q − c + S ≤ 0,
then
b′ ≤ (q − c)b − rb1+ν + Sb ⇒ lim
t→∞ bX (t)(t;α) = 0.
Thus, for
S ≤ Sbif = c − q,
the α-cut sets are equal to [0, 0], i.e. the crisp number 0.
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Biologically, this means that if the uncertainties affecting our knowledge of the therapy variations during the time
are less than c − q , then there will be, in principle, final eradication of the tumor.
Finally, for
S > Sbif,
from
b′ = (q − c)b − rb1+ν + bW (α)Sb
it follows immediately that
lim
t→∞ bX (t)(t;α) = b
∞
X (α) :=
(
1
r
MAX (0, q − c + SbW (α))
)1/ν
. (15)
Thus, in this case, there must be some α such that the α-cut set [a∞X (α), b∞X (α)] = [0, b∞X (α)] is not a crisp number.
In other words we have proved the following proposition:
Proposition 6.1. The model (12) undergoes a fuzzy bifurcation at S = Sbif.
In the case where
q − c > 0
there are no fuzzy bifurcations:
lim
t→∞(aX (t)(t;α), bX (t)(t;α)) =
((
1
r
MAX(0, q − c − SbW (α))
)1/ν
,
(
q − c + SbW (α)
r
)1/ν)
.
Note that in this case, the α-cuts are non-zero. Note that if
S < S∗ = q − c
the null value (i.e. the tumor eradication) cannot belong to the α-cut sets, whereas this happens if S > S∗. In the latter
case, the membership function at x = 0 is non-zero. Reading (with slight abuse of fuzzy interpretation), in statistical
terms, this fact, it means that very low size tumors would not be impossible (however, this, unfortunately, would not
really happen due to the presence of metastases).
7. Final remarks
The Proposition 6.1 has a direct biological consequence: in the case of bounded noise, if q − c < 0 then there
cannot be tumor escape from the therapy for S ≤ Sbif, whereas for S > Sbif the steady state membership function
includes non-zero values. However, the case q − c > 0 has a more interesting consequence since it shows that under
realistic bounded noise there cannot be with probability 1 a noise induced extinction of the tumor cell population,
whichever values may be assumed by the “span” parameter S. This scenario is deeply different from that of “noise
induced eradication” and it is likely due to the unboundedness of the Gaussian noise versus the boundedness of the
fuzzy noise. As a consequence, the results obtained by means of the fuzzy modelling seem slightly more biologically
realistic.
However, as the reader may have noticed in this work, fuzzy theory suffers of some problems related to its relatively
recent birth. In particular:
• The membership function [11] of fuzzy theory does not describe the statistical properties of fuzzy variables.
• The theory of fuzzy bifurcations is incomplete and needs more sound foundations.
Summarizing, concerning the mathematical description of perturbations in parameters of oncological models, we
think that:
• The use of Gaussian noises may lead to biologically paradoxical results.
• Adopting the fuzzy noise approach leads to results that are biologically more robust, but theoretically not totally
sound, due to the incomplete maturity of the underlying theory.
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• A better approach is to use genuinely non-Gaussian stochastic noises that are bounded, which, however, does not
allow one to use the numberless sound results of the Ito and Stratonovich calculi [12].
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